Recent experiments indicate that several viruses may encode microRNAs (miRNAs) in cells. Such RNAs may interfere with the host mRNAs and proteins. We present a kinetic analysis of this interplay. In our treatment, the viral miRNA is considered to be able to associate with the host mRNA with subsequent degradation. This process may result in a decline of the mRNA population and also in a decline of the population of the protein encoded by this mRNA. With these ingredients, we first show the types of the corresponding steady-state kinetics in the cases of positive and negative regulation of the miRNA synthesis by the protein. In addition, we scrutinize the situation when the protein regulates the virion replication or, in other words, provides a feedback for the replication. For the negative feedback, the replication rate is found to increase with increasing the intracellular virion population. For the positive feedback, the replication rate first increases and then drops. These features may determine the stability of steady states. 87.16.-b, 82.39.-k, 87.19.xd, 87.14.gn, 87.14.E- 
Introduction
Virus infection usually occurs via binding of free virions to target cells followed by entry, replication, and release of new virions to the extracellular environment [1] . Alternatively, virions may sometimes move between cells di-rectly via the cell-cell contacts without diffusing through the extracellular environment [2] . The conventional kinetic models, focused on the extracellular aspects of the former pathway, operate with the temporal or spatiotemporal mean-field kinetic equations for concentrations of virions and healthy and infected cells (reviewed in Refs. [3, 4] ; see also Ref. [5] and references therein) or include arrays of lattice sites representing healthy and infected cells with prescribed rules for Monte Carlo simulations of the propagation of infection (reviewed in Ref. [6] ; see also Ref. [7] focused on the kinetics of cell-to-cell spread of virions). In addition, there are generic and more specific models (see, respectively, Refs. [8] - [11] and [12] - [17] ) de-scribing intracellular viral kinetics including viral mRNA and proteins (the synthesis of these species may be influenced by and/or interfere with the synthesis of host mRNA and proteins). The gap between between the models operating on the extracellular and intracellular levels was bridged in Ref. [18] .
In eukaryotic cells, the genomes contain relatively rare protein-coding sequences in combination with numerous sequences transcribed into non-coding RNAs (ncRNAs). The latter RNAs form the cornerstone of a regulatory network that operates in concert with the protein network (reviewed in Refs. [19] - [24] ). Structurally, ncRNAs are divided into two groups including (i) long ncRNAs obtained directly after gene transcription [19] [20] [21] and (ii) small ncRNAs (from 20 to 200 nucleotides) obtained by cleavage of long ncRNAs [22] [23] [24] . One of the most important and interesting subgroup of small ncRNAs includes miRNAs which are 20-22 nucleotides long [22] [23] [24] . The numerous biological functions of miRNAs are often based on their ability to silence genes via pairing with a target mRNA and subsequent preventing its translation or facilitating degradation of the mRNA-ncRNA complex [22] [23] [24] . This process is mediated by a special protein (AGO). A miRNA first associates with AGO, and then the miRNA-AGO complex associates with a target mRNA.
The viral genomes are often transcribed into miRNAs as well [25] [26] [27] . Over 200 viral miRNAs have already been identified [27] . The interplay of host mRNAs, ncRNAs and proteins and viral mRNAs, miRNAs and proteins may be complex. The viral miRNAs can alter host physiology, and the host miRNAs can in turn alter the virus life cycle [25] [26] [27] . In particular, miRNAs of both viral and cellular origin can positively or negatively influence viral replication [25] . Globally, the host miRNAs have emerged as one of the corner-stones of the mammalian immune system [28] . On the other hand, viruses are prone to employ the cell machinery, and there are indications that viruses may co-opt with host miRNAs in order to suppress their own replication, to evade immune elimination and establish a persistent infection [29] .
The regulation of the formation of each viral miRNA is specific. The function of each viral miRNA is specific as well. The general concept here is that viral miRNAs downregulate selected viral and cellular mRNAs to establish a host environment conducive to completion of the viral life cycle [27] . Mechanistically, this concept is based on the existence of the feedbacks between the formation of viral miRNAs and their interaction with host mRNAs. The most natural way of realization of such feedbacks is provided by proteins.
The kinetic models focused on the interplay of cellular mRNAs, proteins and ncRNAs are now numerous (reviewed in Ref. [30] ). In contrast, the models including viral miRNAs are lacking. In our work, we present the first kinetic treatment of the likely interference of viral miRNAs and host mRNAs and proteins. In our analysis, we take into account that the key miRNA ability is to silence genes via pairing with target mRNAs. Following this line, we consider that the viral miRNA is able to associate with the host mRNA with subsequent degradation. This process may result in a decline of the mRNA population and in the corresponding decline of the population of protein transcribed from this mRNA. With these ingredients, we analyze two situations. First, we show what happens if the protein under consideration regulates the miRNA synthesis (Sec. 2). Secondly, we scrutinize the situation when the protein regulates the virion replication or, in other words, provides a feedback for the replication (Sec. 3). The model we use to describe these situations is generic. Despite its simplicity, it illustrates the concepts outlined above.
Viral miRNA and host mRNA and protein
Our model includes the host-gene transcription into mRNA, Gene → Gene + mRNA (1) mRNA translation into protein (P),
viral-gene transcription into miRNA,
mRNA-miRNA association and degradation,
and conventional degradation of the species under consideration,
The corresponding kinetic equations for the intracellular mRNA, protein and miRNA populations, N, , and N * , are as follows
where is the rate of step (1), and * , υ, , * , κ, and are the rate constants of steps (2)- (5), and N v is the number of virions in a cell. In the scheme and equations above, the mRNA-miRNA association [the first step of the pathway to degradation (4)] is considered to be irreversible. This is often the case in plants due to high complementarity of miRNAs and their target mRNAs [22, 23] (this makes it possible to predicts many targets with confidence [22] ). In animals, extensive complementarity, with consequent irreversible association and cleavage of targets, is not frequent [22, 23] . More often, the mRNA-miRNA association, mediated by AGO, is reversible. In our treatment, AGO is not described explicitly. Concerning the reversibility of association, we note that it can easily be taken into account (see Sec. 4.2 in Ref. [30] ). With this factor, Eqs. (6) and (8) either remain valid (the only modification is that is an effective rate constant) or should be slightly changed. The corresponding changes are insignificant for our analysis and conclusions. In our treatment, as already noted in the introduction, the transcription of the viral genome into miRNA is considered to be regulated by the protein coded by mRNA, i.e., the rate constant * depends on the protein population, , while the rate of transcription into mRNA and rate constants of other processes are considered to be parameters. The negative and positive regulation is described, respectively, as * =
and
where • * is the maximum rate constant, K is the constant characterizing the protein-gene association-dissociation equilibrium, and is the number of regulatory sites. These expressions imply that the transcription occurs provided all the regulatory sites are, respectively, free or occupied by proteins (see Sec. 2.2 in Ref. [30] ). The protein association with and detachment from regulatory sites is assumed to be rapid so that the association is close to equilibrium. (Alternatively, one can use the conventional Hill expressions or more specific expressions taking the correlations in the arrangement of proteins into account.)
In our model, miRNA associates with mRNA and suppresses the protein population indirectly. As already noted in the Introduction, this ability of miRNAs is central in the miRNA biochemistry [22] [23] [24] . In principle, miRNAs may associate with proteins and directly suppress the protein population [30] . The analysis of the latter scenario is beyond our goals. Our model described above is similar to that introduced in Refs. [31, 32] (see also Sec. 6.1 in review [30] ). Compared to Refs. [31, 32] , it is focused, however, on viral miRNAs and accordingly includes the number of virions in Eq. (8). This modifications makes it possible to illustrate the dependence of the host mRNA and protein populations and viral miRNA population on the virion population (see Figs. 1 and 2 below) . The dependence of the viral replication rate on the virion population can be illustrated as well (see Fig. 3 below) .
To illustrate the interplay of host mRNA and protein and viral miRNA, we consider that the formation and degradation of these species are faster that the virion replication, and solve Eqs. (6)- (8) in the steady-state approximation. Taking into account that the RNA and protein degradation often occurs on the time scale from a few minute to one hour and aiming at biologically reasonable RNA and protein populations, we set the model parameter as = 10 min The results of our calculations or, more specifically, the dependence of the host mRNA and viral miRNA populations on the number of virions in a cell is shown in Figs. 1 and 2 for negative and positive regulation of the miRNA synthesis by protein, respectively. In both cases, the model predicts that the mRNA population decreases while the miRNA population increases with increasing N v . If the regulation of the miRNA synthesis by protein is negative, the steady state is unique for = 1 [ Fig. 1(a) ]. For ≥ 2, the system is bistable. In particular, the bistability is narrow for = 2 [ Fig. 1(b) ] and very wide for = 4 [ Fig. 1(c) ].
If the regulation of the miRNA synthesis by protein is positive, the steady state is unique for any (Fig. 2) .
Formally, the applicability of the predictions above is limited by the applicability of the assumptions used to construct the model. The key assumptions have already been noticed in the beginning of this section. Here, addressing this aspect, we may add that one of the specifics of miRNAs is that they often have many target mRNas [22] [23] [24] . The formation of a specific miRNA is, however, regulated only by one or a few specific proteins. For a given miRNA, there is the most important corresponding protein and the mRNA encoding this protein. type of the steady-state solutions remains the same, i.e., there is a single steady state or bistability (note that the aspects related to the viral miRNAs were not discussed there). For this reason, the domain of applicability of our predictions is wider that it might appear at first sight.
Regulation of the replication of virions
In this section, we analyze the scenario including the regulation of replication of virions by the protein. The scheme of gene expression is considered to be the same [steps (1)- (5)] as in the previous section. The corresponding kinetic equations for the intracellular mRNA, protein and miRNA populations are considered to be the same [ (6)- (8)] as well except that the rate * is now assumed to be independent of the protein population. In principle, using the model presented in the preceding section, one can easily describe the case when protein regulates the viral replication rate and simultaneously the rate of viral transcription into viral miRNA. The situation when the same protein regulates both processes does not appear, however, to be generic. For this reason, we focus here on the regulation of viral replication and exclude the regulation of the miRNA synthesis.
In analogy with Eqs. (9) and (10), the replication rate with negative and positive regulation is described, respectively,
where W • is the maximum rate of replication of a single virion. The use of Eqs. (11) and (12) implies that the replication is limited by the initiation step which is regulated by the protein.
Solving Eqs. (6)- (8) Fig. 3(c) ]. First, the replication rate is very low due to the regulation. Here, this regime is also maintained as long as the mRNA and protein populations are relatively large ( ≥ K ). Then, the negative regulation becomes less important, and the repli- use the simplest kinetic equation for the virion population,
where v is the virion degradation constant.
For the dependence exhibited in Fig. 3(b) , Eq. (13) predicts a stable steady state with a finite virion population provided that v is sufficiently low. This means that the virions may easily co-opt with the host machinary in order to establish a persistent infection. With increasing v , there is a critical value of this constant, cr v . At v > cr v , the only stable steady state is that without virions.
In the case of Fig. 3(c) , Eq. (13) also predicts a steady state with a finite virion population provided that v is sufficiently low. This steady state is, however, instable. Due to inevitable small deviations of the virion population from that corresponding to the steady state, this population will either diminish or grow. In the latter case, a cell will die or there should be other steps limiting the growth of the virion population inside a cell. 
Conclusion
In summary, our analysis addresses two aspects of the interplay of viral miRNA and host mRNA and protein: (i) We have shown how the populations of miRNA and mRNA and protein may change with increasing the virion population in a cell in the cases of positive and negative regulation of the miRNA synthesis by protein. The biological role of these changes may be different depending on the structure of the genetic network(s) which may be regulated by the species under consideration.
(ii) We have illustrated the likely dependences of the rate of virion replication on the number of virions in a cell in the cases of positive and negative regulation of this process by protein. The positive regulation may easily result in a steady state in the virion kinetics. In the case of negative regulation, the type of the kinetics is more sensitive to other steps. Using their miRNAs, viruses can manipulate both cellular and viral gene expression. Specifically, current evidence [27] indicates that viral miRNAs are involved in cellular reprogramming in order to (a) regulate the latent-lytic switch; (b) support viral replication by promoting cell survival, proliferation, and/or differentiation; and (c) modulate immune responses [27] . The interplay of viral miRNAs and host mRNAs and proteins may occur via various scenarios. We have described one of the generic scenarios. Our calculations, performed with biologically reasonable parameters, indicate that with slow variation of the intracellular conditions the steady-state kinetics of processes (a), (b) and (c) may change gradually or in a stepwise fashion (due to bistability). Bistability is of course what is expected to be observed in biological systems with feedbacks. Our work shows, however, in detail the likely biological ingredients behind bistability. Some of our predictions can be tested experimentally. For example, our calculations show that the simplest miRNAmRNA-protein interplay with the positive regulation of viral replication by protein can easily result in a stable steady state, while the negative regulation results in instability and should be complemented by other steps in order to reach a stable steady state. This prediction, indicating that in the situations when viruses co-opt with host miRNAs in order establish a persistent infection the regulation of viral replication by protein is likely to be positive, may guide experiments. Finally, we note that the interplay of experiments and theory in studies of the kinetics of conventional gene expression is now mutually useful [34] . The observations of expression of viral miRNAs are now numerous. Detailed experimental or theoretical studies of the corresponding kinetics are, however, lacking. Our goal was to make one of the first steps in this direction.
